
PRINCI PLES IN FORMAL SPECI FI CATI ON 
OF 

OBJECT ORI ENTED DESI GN AND ARCHITECTURE 

Amnon H. Edeni 
Department of Computer Science 

Concordia University 
Montreal, Canada H3G 1M8 

Yoram Hirshfeld 
Department of Mathematics 

Tel-Aviv University 
Tel Aviv 69978, Israel 

                                                           
i Email: eden@acm.org, phone: +1 (514) 848 3073, fax: +1 (514) 848 2830  

Abst ract  

Progress was made in the understanding of ob-
ject-oriented (O-O) architectures through the in-
troduction of patterns of design and architecture. 
Few works, however, offer methods of precise 
specification for O-O architectures. 

This article provides a well-defined ontology 
and an underlying framework for the formal 
specification of O-O architectures: We observe 
key regularities and elementary design motifs in 
O-O design and architectures; define “architec-
tural model” in logic; and formulate relations be-
tween specifications. We demonstrate how to de-
clare and reason with the representations. Fi-
nally, we use our conceptual toolkit to compare 
and evaluate proposed formalisms. 

Keywords: Software architecture, object oriented 
programming, formal foundations, software pat-
terns 

1. I nt roduct ion 

Architectural specifications provide software with 
“a unifying or coherent form or structure” [1]. 
Coherence is most effectively achieved through 
formal manifestations, allowing for unambiguous 
and verifiable representation of the architectural 
specifications.  

Various formalisms and Architecture Descrip-
tion Languages (ADLs) [2] were proposed for this 

purpose, each of which derives from an estab-
lished formal theory. For example, Allen and Gar-
lan extend CSP [3] in Wright [4]; Dean and Cordy 
[5] use typed, directed multigraphs; and Abowd, 
Allen, and Garlan [6] chose ' [7] as the underly-
ing theory. Other formalisms rely on Statecharts 
[8] and Petri Nets [9]. 

In contrast, techniques idiosyncratic to the ob-
ject-oriented programming (OOP) paradigm, such 
as inheritance and dynamic binding [10], induce 
regularities of a unique nature. Consequently, O-
O systems deviate considerably from other sys-
tems in their architectures. We would expect the 
architectural specifications of O-O systems to re-
flect their idiosyncrasies.  

Unfortunately, architectural formalisms have 
largely ignored the O-O idiosyncrasies. Few 
works (reviewed in Section �4) recognized the 
elementary building blocks of design and archi-
tecture patterns. As a result of this oversight, any 
attempt to use formalisms for the specification of 
O-O architectures is destined to neglect key regu-
larities in their organization. 

Only naturally, coherent specifications warrant 
the recognition of the underlying abstractions of 
the paradigm [11]. This is equally true for O-O 
programs. Therefore, we observe a small set of 
primitives (“building blocks”) that are proved suf-
ficient to express O-O architecture. These include 
abstractions such as the inheritance class hierar-
chies (Definition VI) and clans (Definition V), 
which are induced by the mechanisms of inheri-
tance and dynamic binding, respectively. Having 



 

observed the underlying abstractions we can de-
fine them formally and use them to defined the 
more elaborated constructions. 

Pat terns 

More than any other form of documentation, soft-
ware patterns [12, 13, 14, 15], in particular design 
patterns, were successful in capturing recurring 
motifs in O-O software architecture. Each pattern 
addresses a separate configuration of design or ar-
chitecture, documented in a structured format, and 
distinguished by a name which carries its intent. 
Patterns carry abstractions that facilitate commu-
nicating problems and solutions. 

Although the best insight into the regularities 
of O-O architecture is provided by the patterns lit-
erature, it appears that the genre has not matured 
as a structured engineering domain. In particular, 
we observe two problems in this literature: 
 
1. Ambiguity. The informal and ultimately 

fuzzy descriptions puzzle pattern users and 
cause substantial confusion. Even the very 
pattern writers demonstrate disagreement 
over their “ true meaning”  (e.g., [16, 17]). 

Debates that frequent patterns’ users in-
clude the following:  
i Instance-of (Definition III): Whether a 

particular implementation conforms to a 
certain pattern;  

i Refinement (Definition VII): Whether 
one pattern is a special case of another.  

2. Unstructured knowledge. With the growth in 
the number of patterns published, the accu-
mulation of information is evolving into an 
unstructured mass which lacks any effective 
means of indexing. 

 
Clearly, these two problems result from the use 

of imprecise means of specification, such as ver-
bal descriptions, class diagrams, and concrete ex-
amples. This problem can be alleviated by provid-
ing formal specifications, which may allow for 
unambiguous specifications, enable reasoning 
about the relationships between patterns (e.g., re-
finement), and promote the structuring of the rap-
idly growing body of patterns. 

1.2 I ntent  

This article introduces the following contribu-
tions: 
 
1. Define an ontology that serves as a frame of 

reference for the discussion in the essential 
concepts of O-O architecture. In particular:  
i Observe the building blocks of O-O ar-

chitecture, namely, a small set of elemen-
tary ingredients that is sufficient to ex-
press many architectures;  

i Provide precise definitions for intuitive 
terms used with reference to O-O pat-
terns;  

i Establish relations between patterns 
which were of mere intuition or in dis-
pute;  

2. Analyse declarative formalisms for the speci-
fication of O-O design patterns. In particular:   
i Reconcile formalisms proposed by trans-

lating sample expressions to our 
framework;  

i Provide criteria for assessing the proper-
ties of prospective specification lan-
guages (e.g., expressiveness and com-
pleteness). 

A Term inological Note 

Our use of the term pattern diverges from its use 
within the patterns community. Inspired by the 
work of Christopher Alexander [18, 19], a “ pat-
tern”  is a prescription for solving a category of 
problems in a specific manner. This prescription 
is intended for the dissemination of specialized 
knowledge and to create an instrumental vocabu-
lary.  

At the same time, many use “ pattern”  (particu-
larly with reference to design patterns) as a short-
hand for a specific segment of this prescription, 
which is the architectural abstraction manifested 
in the solution part of the pattern (also microar-
chitecture, lattice [20], and leitmotif [21]). Since 
we concern ourselves with software architectures, 
we adhere to the second practice. 

A Methodological Note 

We employ symbolic logic as means for precise 
specification and reasoning. Yet, as in other scien-



 

tific disciplines where the subject of the state-
ments made (verbal descriptions of patterns in our 
case) is informal, there is no rigorous way to 
prove the correctness of some of the statements 
we make. These claims can only be treated as ap-
proximations for some “ natural phenomena”  [22]. 
As in standard scientific practice [22], we seek to 
convince the reader by evidence that support our 
hypotheses. 

2. Set t ing the Scene 

In this section, we provide a foundation for a for-
mal discourse in static O-O architecture and pat-
terns. 

2.1 Semant ics 

Programmers are aware of the conceptual model 
that accompanies every O-O program: A universe 
inhabited by classes, operations, attributes, and re-
lations among them. Some of these relations are 
explicitly expressed as syntactic, built-in con-
structions of some programming languages, such 
as inheritance, member-of, and so forth. 

There is a lot to be gained by making this con-
ceptual “ stage”  into an explicit logic structure. 
Many unsubstantiated claims, such as this pattern 
is just a special case of another, become straight-
forward facts in this structure.  

We propose to render this structure explicit ex-
actly like any other mathematical structure, such 
as algebraic band, boolean algebra, or geometry of 
points and lines. The crux of our contribution is, 
to start with, in recognising the participants, their 
essential collaborations, and the suitable way of 
manifesting them. This practice is not entirely 
unlike distinguishing the participants in geometric 
discourse – points and lines, and the primary rela-
tions – point x is in line y. Finally, we consider the 
“ staging” . In the geometric context, for instance, 
we ask whether the relation line x is parallel to 
line y is “ primary”  (i.e., elementary), or whether it 
is deduced from other relations. Similarly we ask 
whether lines are atomic entities, or perhaps 
should be represented as sets of points, namely, as 
more elaborated constructs. 

The framework we propose incorporates 
classes and methods as its atomic entities, similar 
to points and lines, and the relations class d inher-

its from class b, method f is defined in class c, and 
method f creates instances of class c, as the 
ground relations amongst them.  

Thus, every program (i) is represented by a 
simplified logic representation called architec-
tural model (Definition I). Example 1 demon-
strates how a simple Java program translates to a 
model. Extract 1 gives the class diagram of the 
same program.  

Object notations (e.g., UML [23] , OMT [27], 
Booch [24], OPEN [25]), more specifically class 
diagrams, were used in the specification of design 
patterns. Class diagrams and other diagrams in 
object notations, however, are clearly inadequate 
representation as they only incorporate constant 
symbols (such as class Decrtr, method 
Decrtr::Draw, and so forth.) Architectural 
specification, as illustrated by Perry and Wolf  
[1], require generic expressions which set forth 
abstract constraints, thereby specifying a set of 
programs indirectly through their properties 
(AKA intentional specifications.) The absence of 
variable symbols is a one of the major shortcom-
ings of object diagrams.  

For example, we would like to express the fact 
that BorderDecorator may inherit indirectly 
(that is, through intermediate classes) from 
Decorator. Observe that, in fact, the class dia-
gram in Extract 1 is roughly equivalent to the 
Java™ program in Example 1. 

Furthermore, observe that some information 
about the pattern that is specified in OMT [27] 
                                                           
i For the purpose of this article, “ program”  is any text that is 

considered well-formed by the rules of the respective pro-
gramming language. 

Draw()

Decorator

BorderWidth

Draw();

BorderDecorator

Decorator::Draw();

 
Extract 1: OMT diagram of a segment of the 
DECORATOR [26] pattern 



 

class diagrams, such as the one depicted in Extract 
1, can only be conveyed using informal “ notes” .  

In addition, the standard practice in object no-
tations is that methods (also function members, 
routines) and attributes (also data members, in-
stance variables) are represented as elements of 
the respective class. Seeking a simpler and more 
manageable representation, we represent both 
methods and classes as "primitive" elements. 
Hence, the architectural model (Definition I) of a 
program consists only of “ ground entities”  and of 
“ ground relations” , just as logic model.  

For example, the association between class 
Decorator and method Draw that is defined 
therein is represented using the $EFINED)N rela-
tion as follows: 
 
� $EFINED)N�Draw�Decorator	Å
 

 
(1) 

Similarly, the relation 2EFERENCE is used to 
represent the association between class 
BorderDecorator and the type int of its attrib-
ute as follows: 
 
� 2EFERENCE�BorderDecorator�int	Å
 

(2) 

The simplification of programs into architec-
tural models is an essential step towards the ab-
straction that is necessary at the architectural 
level. 

In the following definition, the term object 
language refers to the programming language that 
was used to write source code. For instance, the 
object language used in Example 1 is Java™ [28]. 

Definit ion I :  Architectural Model 
,ETÅUSÅDENOTEÅ$ÅASÅTHEÅOBJECTÅLANGUAGE�Å

!�[���]ÅASÅAÅSETÅOFÅPARTICIPANTÅTYPES�ÅANDÅ

� [)NHERIT�!BSTRACT�Åb]ÅASÅAÅSETÅOFÅRELA


TIONÅSYMBOLS�Å7EÅASSUMEÅAÅMAPPINGÅFUNC


TIONÅ%ÅSUCHÅTHATÅFORÅEACHÅPROGRAMÅPÅINÅ$�Å

PARTICIPANTS � �P	ÅISÅAÅSETÅOFÅGROUNDÅENTI

TIES�ÅEACHÅOFÅAÅTYPEÅINÅ!��ANDÅ

COLLABORATIONS � �P	ÅISÅAÅSETÅOFÅN
TUPLESÅOFÅ
ENTITIESÅINÅPARTICIPANTS � �P	�ÅSUCHÅTHATÅEACHÅ
TUPLEÅBELONGSÅTOÅAÅRELATIONÅINÅ��ÅÅ

7EÅDEFINEÅ��%�P	ÅASÅTHEÅARCHITECTURALÅ

MODELÅOFÅPÅACCORDINGÅTOÅ%Å�INÅSHORT�ÅkTHEÅ

MODELÅOFÅPl	ÅASÅTHEÅMODELÅARISINGÅFROMÅTHEÅ

GROUNDÅENTITIESÅINÅPARTICIPANTS � �P	ÅANDÅ
THEÅRELATIONSÅINÅCOLLABORATIONS � �P	�Å

 
Further discussion in composition of the sets ! 

and � appears in Section �3. 
Definition I gives rise to a well-defined uni-

verse of architectural models, which we denote (. 
Being abstractions of actual programs, an un-
bounded number of programs are effectively 
treated as equivalent. Thus, from this point in this 
article, we discard “ programs”  in their original 
sense and use the term with reference to architec-
tural abstraction. Because we need not refer di-
rectly to programs in their original representation, 
we do not see a difficulty in using this alias. 

 Exam ple 1 :  Program  vs. it s m odel  

abstract class Decorator { 
   abstract void Draw(); 
} 

class BorderDecorator  
   extends Decorator  
{ 

   void Draw() {  
      Decorator::Draw(); //... 

   } 

   int BorderWidth; 
} 

The model of this program consists of the follow-
ing:  

Ground Ent it ies ( “part icipants” ) :  
Decorator, BorderDecorator, int of type 
“ class” , and BorderDecorator::Draw, 
Decorator::Draw of type “ method” . 

Relat ions ( “collaborat ions” ) :  
$EFINED)N�Decorator::Draw,Decorator	 
$EFINED)N�BorderDecorator::Draw�Å
Å BorderDecorator	 
)NHERIT�BorderDecorator�Decorator	 
2EFERENCE�BorderDecorator�int	 
)NVOKE�BorderDecorator::Draw,  
 Decorator::Draw	Å
!BSTRACT�Decorator	Å
!BSTRACT�Decorator::Draw	Å
2ETURN4YPE�Decorator::Draw,void	Å
2ETURN4YPE�BorderDecorator::Draw, 
 void	 



 

Finally, Definition I allows us to use predicate 
calculus in our discussion of any formalism that 
can be mapped into this abstraction. 

Stat ic vs. Dynam ic Models 

Regardless the choice of object language, static 
and dynamic conceptual models stand at the heart 
of the system’s design and they exist throughout 
its lifecycle. Similarly, design patterns determine 
both structural (namely, static) and behavioural 
(namely, dynamic) properties. 

We focus our discussion on the static model 
for various reasons. The static components and 
their correlations are the ingredients of the sys-
tem’s structure and serve as a scaffold that deline-
ates its behaviour.  

Static properties are far easier to specify, prove 
or refute, and most importantly, to comprehend. If 
indeed the primary reason for the continuous 
software crisis [29] is lack of abstraction, then 
there is more than enough room to improve the 
structural picture of software systems. 

The elements of O-O architecture (listed in 
Section �3) support the view that, predominantly, 
design patterns characterize static attributes of 
this universe. Even many of the patterns that ap-
pear “ dynamic”  (“ behavioural”  patterns, as char-
acterized in [26]) actually describe a configuration 
in the static model. By studying leitmotifs of the 
“ behavioural”  patterns, one recognizes that, essen-
tially, the behaviour manifested in these abstrac-
tions can be expressed through structural, static 
relations. The examples provided in Section �4 il-
lustrate this observation. Additional examples for 
this observation are provided in [21]. 

Finally, OOP is distinguished by inheritance, 
an entirely static abstraction mechanism. This is 
true not only for statically, strongly typed lan-
guages, but also for dynamically typed OOP lan-
guages. The graph of inheritance relations is pre-
dominant in the characterization of the topology 
of O-O libraries. Moreover, the organisation of 
classes, methods, and their relations, is the “ stage”  
on which the dynamic manifestation of the pro-
gram takes place, where classes materialise as ob-
jects, and methods take the form of messages.  

2.2 Syntax 

We use higher order predicate calculus in our dis-
cussion. Constant names appear in fixed 

typeface and variables in ITALICS. We designate 
the domain of methods by �, and the domain of 
classes by �. Given a set 3, we use 0(3) to de-
note the power set of 3.  

Variables should not be confused with con-
stants; thus, 
 

 Draw��Å 
(3) 

� &ACTORIESÅ�Å0��	Å
 (4) 

for instance, (3) states that the symbol Draw 
represents a specific method (“ function mem-
ber” ), while (4) declares a variable that ranges 
over sets of classes. 

As established by Perry and Wolf [1] (“ the 
principle of least constraint” ), architectural speci-
fications should not constrain the implementations 
unnecessarily. This is a desired property of both 
design patterns and architectural styles, as each 
specifies a set of desired properties rather that de-
tailing a concrete solution (program). 

We conclude that we can carry an architectural 
specification as constraints on properties of par-
ticipants and relations (Definition I) and formu-
lated in logic formulae. This conclusion leads to 
the following definition: 

Definit ion I I :  Pat tern 
!ÅPATTERNÅISÅDEFINEDÅASÅAÅFORMULAÅ

K�X � �bX � 	�ÅWHEREÅX � �bX � ÅAREÅFREEÅVARI

ABLESÅINÅK�Å7EÅSAYÅTHATÅX � �bX � ÅAREÅTHEÅ
PARTICIPANTS�ÅANDÅTHEÅRELATIONSÅINÅKÅAREÅTHEÅ

COLLABORATIONS�ÅTHATÅTHEÅPATTERNÅDICTATES�Å
 

Naturally, Definition II is too broad. It offers, 
however, a baseline for a formal discussion in 
specifications of patterns in different formal lan-
guages. In conjunction with Definition I, 
Definition II provides a basis for the formal defi-
nitions of many other useful terms, such as an in-
stance of a pattern (Definition III) and refinement 
of a pattern (Definition VII). 

2.3 Reasoning 

A significant advantage to the use of a formal 
framework is in the ability to apply rigorous in-



 

ference rules so as to allow reasoning with the 
specifications and deriving conclusions on their 
properties. 

We can demonstrate simple reasoning by using 
variables to rephrase the intuitive distinction be-
tween the pattern Q, an instance of Q�(intuitively 
speaking, the elements that partake in an imple-
mentation of Q), and program that contains an in-
stance of Q. 

It is important to distinguish between a pattern 
and an instance thereof. The following definition 
formulates this distinction: 

Definit ion I I I :  I nstance of a Pat tern 
,ETÅK�X � �bX � 	ÅBEÅAÅPATTERN�Å,ETÅ�ÅDESIG


NATEÅAÅMODELÅCONTAININGÅTHEÅN
TUPLEÅOFÅ

GROUNDÅENTITIES�Å�A � �bA � 	�Å,ETÅ�ÅBEÅTHEÅ

CONSISTENTÅASSIGNMENTÅOFÅA � �bA � ÅTOÅTHEÅ
FREEÅVARIABLESÅX � �bX � ÅINÅK�Å)FÅTHEÅRESULTÅOFÅ
ASSIGNMENTÅ�ÅINÅKÅISÅTRUEÅINÅ�ÅTHENÅWEÅ

SAYÅTHATÅ�A � �bA � 	ÅISÅANÅINSTANCEÅOFÅKÅINÅ
THEÅCONTEXTÅOFÅ�Å�ALSOÅ�ÅCONTAINSÅANÅIN


STANCEÅOFÅK	�Å

3IMILARLY�ÅWEÅSAYÅTHATÅAÅMODELÅ�ÅISÅANÅ

INSTANCEÅOFÅKÅIFÅTHEREÅEXISTSÅSOMEÅASSIGN


MENTÅ�ÅSUCHÅTHATÅ�ÅISÅANÅINSTANCEÅOFÅKÅINÅ

THEÅCONTEXTÅOFÅ��Å
 

To illustrates Definition II, consider the fol-
lowing trivial “ pattern” : 
 
Å )NVOKE�F � �F � 	Å
 

 
(5) 

It is easy to show that the model in Example 1 
contains an instance of (5). To prove this, con-
sider the assignment of 
BorderDecorator::Draw to F �  and of 
Decorator::Draw to F � . If we apply this as-
signment, we get:  
 
)NVOKE�BorderDecorator::Draw�Å

Å Decorator::Draw	Å
 

(6) 

which is true in Example 1. 
 

Corollary 1  
&ROMÅ$EFINITIONÅ)ÅANDÅ$EFINITIONÅ))ÅWEÅ

CONCLUDEÅTHATÅEACHÅPATTERNÅ�REGARDLESSÅTHEÅ

SPECIFICATIONÅLANGUAGEÅUSED	ÅSPECIFIESÅAÅ

SUBSETÅOFÅ(�ÅÅ
 

3. The Building Blocks of O-O 
Architecture 

In this section, we observe the elements of O-O 
architecture, which we refer to as rudiments. Each 
rudiment is formalized in terms of the aforemen-
tioned definitions and illustrated using examples 
from [26]. The discussion is broken down along 
the distinction between participants and collabo-
rations as the elements of patterns [26]. 

3.1 Part icipants 

This section is dedicated to abstractions that 
represent elementary and composite participants. 

Rudiment A: Ground entities. The predominant 
agents in O-O software, as well as the participants 
of every single pattern in [26], are classes, meth-
ods, and objects. Since we focus in static specifi-
cations, we will only discuss the first two. For-
mula (7) illustrates a declaration of the partici-
pants in Example 1: 
 
Decorator�BorderDecorator�int�� 
Decorator::Draw, 
 BorderDecorator::Draw���
 

(7) 

We regard classes and methods as atomic (“ primi-
tive” ) elements, or ground entities. Their proper-
ties, e.g., the arguments of a method, data mem-
bers of a class, and so forth, are expressed through 
relations (Rudiment E). 

Rudiment B: Uniform Sets. Observe that, most 
often, participants appear in unbounded sets con-
sisting of elements of a uniform type, namely, ei-
ther classes or methods. Uniform sets of partici-
pants playing a specific role (e.g., “ creators” , 
“ visitors” , “ products” , etc.) are omnipresent in de-
sign patterns. Here are a few examples: The set of 
Visitor classes in the VISITOR; the set of operation-
implementations defined in the BRIDGE; the set of 
concrete-strategy classes that inherit from the ab-
stract strategy class of the STRATEGY pattern; the 
set of decorator classes of the DECORATOR pat-
tern; and so forth. 

Similarly, higher order sets (uniform sets of 
uniform sets) are also omnipresent. Higher order 
sets are also uniform in the sense that their ele-
ments are of uniform type and order. Consider, for 
example, the participants in the ABSTRACT 
FACTORY pattern: products is a set of sets of 



 

classes, while factory methods is a set of sets of 
methods. Similarly, observe the set of sets of 
VISIT�ELEMENT � 	 methods of the VISITOR pattern. 
Formally:  

Definit ion IV:  Uniform  Set , Dim ension 
�I	 !ÅGROUNDÅENTITYÅISÅSAIDÅTOÅHAVEÅDIMEN


SIONÅ��Å 
�II	 !ÅSETÅTHATÅCOMPRISESÅENTITIESÅOFÅDIMEN


SIONÅD
�ÅISÅCALLEDÅAÅUNIFORMÅSETÅOFÅDIMEN


SIONÅD�Å
 

It is convenient to refer to a uniform set of di-
mension D as an entity of dimension D. For exam-
ple, we can refer to the set of Visitor classes as a 
class of dimension 1, and to the set of Visit meth-
ods as a method of dimension 2. 

Rudiment C: Clans. Dynamic binding, the 
mechanism for the dynamic selection of a method, 
is fundamental to OOP. It is enabled by a combi-
nation of inheritance and shared signatures. A 
clan is the static manifestation of the “ family”  of 
methods that share a particular dispatching table. 
Formally: 

Definit ion V:  Clan 
7ÅSAYÅTHATÅAÅSETÅOFÅMETHODSÅ&ÅISÅAÅCLANÅINÅ

THEÅSETÅOFÅCLASSESÅ#ÅIFFÅTHEÅFOLLOWINGÅCONDI


TIONSÅHOLD�Å
 

�I	 !LLÅMETHODSÅINÅ&ÅSHAREÅTHEÅSAMEÅSIG


NATURE�Å 
�II	 %ACHÅMETHODÅINÅ&ÅISÅDEFINEDÅINÅAÅ

DIFFERENTÅCLASSÅINÅ#�Å
 
A formulation of Definition V in predicate cal-

culus, which uses the relations 3AME3IGNATUREÅ
and $EFINED)N can be found in [21]. Observe 
that a clan is always defined with relation to a 
given set of classes, not as an isolated property. 

Clans are ubiquitous and occur wherever dy-
namic binding is used. The following are exam-
ples of clans: the set of visit(elementi) methods of 
the VISITOR pattern; the set of create(producti) of 
the ABSTRACT FACTORY; the set of the update 
methods of the OBSERVER pattern; the set of 
ConcreteAlgorithms�of the STRATEGY pattern; and 
so forth. In fact, every time inheritance is used 
there is a very high chance that dynamic binding 
is also present. 

Observe another common construction: A set 
of clans 4 such that every clan &�4 is defined in 
the same set of classes #. This abstraction is 
termed tribe and it can be found in almost every 
pattern [21]. 

Rudiment D: Hierarchies. Inheritance is also 
fundamental to OOP, and inheritance class hierar-
chies occur in every O-O program. Most domi-
nant, however, is a particular construction that 
consists of a single inheritance hierarchy. A �-
dimensional class is termed hierarchy if it con-
tains an abstract (“ root” ) class from which all 
other ground classes inherit (possibly indirectly). 

In the following definition, *
�
 designates the 

transitive closure of (zero or more) occurrences of 
the relation *. 

Definit ion VI :  Hierarchy 
!Å�
DIMENSIONÅCLASSÅhÅISÅAÅHIERARCHYÅIFÅTHEÅ

FOLLOWINGÅCONDITIONÅHOLDS�Å
 
��ROOT�hÅ<Å!BSTRACT�ROOT	Å���
� �CLS�h�<�)NHERITANCE � �CLS�ROOT		Å
 

(8) 

Observe also the occurrences of sets of hierar-
chies, e.g., the set of product hierarchies in the 
ABSTRACT FACTORY. 

Almost every pattern in [26] contains one or 
more hierarchies. For example: The set of con-
crete-observers with the abstract observer 
(OBSERVER pattern); the set of concrete-products 
with the abstract product (FACTORY METHOD pat-
tern); and the set concrete-commands with the ab-
stract Command (COMMAND pattern). Henceforth, 
the term hierarchy is used only in the sense de-
fined above. 

3.2 Collaborat ions 

In this section, we observe key regularities in the 
correlations among the patterns’  participants. 

Rudiment E: Ground Relations. We identify a 
small group of ground relations which, as illus-
trated in [30], is sufficient to account for most 
types of collaborations that occur among ground 
entities in the GoF patterns. Principal relations are 
listed in Table 1. Example 1 illustrates how 
ground relations model correlations and interac-
tions among the elements of a program. 



 

Rudiment F: Bijections. Consider the following 
quote from the specification of the PROXY [26, p. 
270]: “ each proxy operation … forwards the re-
quest to the subject.”  It implies that for every 
method P in the set 0ROXY-ETHODS there is ex-
actly one method S in class 3UBJECT such that 
&ORWARD�P�S	. In other words, the relation 
&ORWARD is a bijective function between the sets. 

It is particularly interesting to observe bijec-
tions in higher-dimensional entities. Consider, for 
example, the relation which occurs in the 
ABSTRACT FACTORY between the set of clans 
CREATE�PRODUCT � 	 (namely, a clan for each prod-
uct), denoted &ACTORY-ETHODS, and the set of 
“ product”  hierarchies, as shown in Rudiment C, 
which we denote 0RODUCTS. Their collaboration 
is described as follows: “ AbstractFactory … de-
fines a different operation for each kind of prod-
uct it can produce.”  [26, p. 87] This description 
implies that #REATE is a bijection between 
&ACTORY-ETHODS, which is a �-dimensional 
method, and 0RODUCTS, a �-dimensional class. 

Bijections exist in almost every pattern of the 
GoF catalogue, as demonstrated in [21]. 

4. Specificat ion Languages 

Mathematical logic provides numerous formal-
isms for deliberating algebraic constructs such as 
the one proposed in Definition I, from first order 
predicate calculus to higher order languages, 
which afford the representation of higher order 
sets, functions, and relations. Different publica-
tions present different views on the suitable for-
malism for the representation of patterns. Below 
we discuss a selection of these languages. 

Observe that the publications discussed pro-
vide one or two examples each, and, with the ex-
ception of LePUS, do not provide a complete se-
mantic specification. This greatly limits the scope 
of our analysis. Thus, this section focuses on ex-
amples rather than complete definitions. We hope 
more comprehensive results can be obtained in the 
future. 

DisCo 

Defined as an extension of temporal logic of ac-
tions [31], DisCo [32] consists of constructions 
that express the composition of classes and the 
semantics of methods. Although a temporal logic-

!BSTRACT : � � � 
Indicates whether the entity is abstract (in 
Eiffel: deferred; methods in C++: pure vir-
tual) 

!SSIGN : � u ��u ��
Indicates that a reference from one class to 
the other is assigned within the body of a 
given method.Å

#REATE : � u ��
Indicates that the body of the method con-
tains an expression whose evaluation creates 
an instance of the class. Such expressions in-
clude, for example:  
 new int number;  (Java) 
 int numbers[2];  (C++) 
 if (string("A") == s) (C++) 
 !INTEGER! num.make; (Eiffel) 

$EFINED)N : � u ��
Indicates that the method is a member in the 
class 

&ORWARD : � u ��
&ORWARD�F�G	 means that F invokes G with 
the additional requirement that the actual ar-
guments in the invocation expression are the 
formal arguments of F. Such a method in 
C++ will look as follows: 

void TCPConnection::ActiveOpen(int t) 

  { _state->ActiveOpen(t); } 

)NVOKE : � u � 
)NVOKE�F�G	Åindicates that F “ may invoke”  
G, namely, that within the body of method F 
there is an expression whose evaluation in-
vokes G. Note that we ignore the control flow 

)NHERIT : � u � 
Indicates that the first-class inherits from the 
second  

2EFERENCE [
4O
-ANY] : � u � 
Indicates that left class defines an attribute 
whose type is of a single [multiple] in-
stance(s) of the second class 

2ETURN4YPE : � u �  
Indicates the return type of a method 

3AME3IGNATUREÅ: � u ��
Indicates that the two functions have the 
same name and formal arguments. 

Table 1: Intuitive interpretations for ground rela-
tionsÅ



 

based formalism focuses on dynamic specifica-
tions, many specifications clearly map to our 
static framework. Consider for example its speci-
fication of the OBSERVER pattern [26]: 

Extract 2: OBSERVER in DisCo [32]  
 
Å CLASSÅ3UBJECT�[$ATA]Å

Å CLASSÅ/BSERVER�[$ATA]Å

Å RELATIONÅ�����	�!TTACHED��
	�ÅÅ

Å Å 3UBJECTÅu�/BSERVERÅ

Å !TTACH�S�3UBJECT�ÅO�/BSERVER	�Å

Å Å ��S�!TTACHED�OÅ
Å Å o�S�!TTACHED�OÅ 
 

The specification in Extract 2 describes the re-
lationships between three classes and defines the 
semantics of one operation in terms of pre- and 
postconditions. Despite the seemingly “ dynamic”  
nature of this specification, formula (9) demon-
strates how we can rephrase it in terms of static 
relations. 
 
3UBJECT�/BSERVER�$ATAÅ�Å�Å

!TTACHÅ�Å�Å
 

(9) 

 
2EFERENCE�3UBJECT�$ATA	Å

2EFERENCE�/BSERVER�$ATA	Å

!SSIGN�!TTACH�3UBJECT�/BSERVER	Å
 

Const raint  Diagram s 

Described as a precise visual specifications lan-
guage combined with elements in UML [23], con-
straint diagrams [33] are a visual representation of 
first order set-theoretic relations. Extract 3 depicts 
the “ role model”  of the ABSTRACT FACTORY pat-
tern.  

 
Extract 3: "Role Diagram" of the ABSTRACT 
FACTORY 

Again, rather than repeating here the interpre-
tation of Extract 3, we both explain it and demon-
strate how it translates to our static framework in 
a single formula. 
 
!BS&ACTORY�!BS0RODUCTÅ�Å�Å
 

(10) 
 
��#ONC&ACTORY�#ONC0RODUCTÅ<��
� )NHERIT

�
�#ONC&ACTORY�!BS&ACTORY	�Å

� )NHERIT
�
�#ONC0RODUCT�!BS0RODUCT	º� �

�Å FMÅ�Å�Å<Å

Å $EFINED)N�FM�#ONC&ACTORY	��
Å #REATE�FM�#ONC0RODUCT	Å
 

LePUS 

LePUS [21] is also defined as a visual language 
for the specification of O-O software architecture, 
yet its authors also define a symbolic equivalent 
for each well-defined diagram. Consider for ex-
ample the symbolic specification of the ABSTRACT 
FACTORY in LePUS, which appears in Extract 4.  

Extract 4: ABSTRACT FACTORY in LePUS 
Å
&ACTORIESÅ�Å��

0RODUCTSÅ�Å0��	Å

&-SÅ�Å0� 	Å Å
#REATE

�
�&-S�&ACTORIES�0RODUCTS	�

2ETURN4YPE
�
�&-S�&ACTORIES�0RODUCTS	Å  

Since LePUS is a highly concise language 
(concision is discussed in section �6), Extract 4 de-
livers more information that it may appear which 
results in a cumbersome formula. Hence, unlike 
previous extracts, the interpretation of Extract 4 is 
explained verbally by each one of its expressions: 
 
1. � is the domain of hierarchies, so that 

&ACTORIES is a hierarchy variable and 
0RODUCTS ranges over sets of hierarchies.  

2.   is a domain of all “ signatures”  of methods. 
Thus, &-SÅis a variable which represents the 
set of signatures of the factory methods.  

3. The expression &-S ��&ACTORIES uses in-
corporates the selection operator � and 
yields all methods defined in (a class in) 
&ACTORIES whose signature is in &-S, 
namely, the set of factory-method clans.  



 

4. LePUS defines the abbreviation *
�
�6�7	 

as an abbreviated form of a bijection 
(Rudiment F). Thus, the two statements be-
low the dividing line indicate that for every 
factory method FM there is a product P such 
that is #REATE�FM�P	Å and 
2ETURN4YPE�FM�P	. 

 
These examples demonstrate how the frame-

work we propose sheds light on the difference be-
tween various formalisms. 

In addition to the results analysed above, 
following is a short overview of other results that 
were reported in literature. 

Design Pat terns’ Form alism s 

Formal Languages for the specification of design 
patterns are described in several publications. 
Helm, Holland and Gangopadhyay [34] defined 
“ Contracts” , an extension to first order logic with 
representations for function calls, assignments, 
and an ordering relation between them. The “ be-
havioural compositions”  described do not address 
structural relations but only run time (“ behav-
ioural” ) characterizations. 

Tool Support  

Florijn, Meijers, and van Winsen [35] propose a 
tool that supports the application of design pat-
terns. They use the “ Fragments Model”  for the 
representation of patterns, a graph with labelled 
arcs, whose nodes stand for the participants in the 
pattern's leitmotif, and its arcs describe the roles 
of the connecting nodes. Predominantly, the pat-
terns’ wizard [36] supports the application of pat-
terns through their representation as metapro-
gramming algorithms, namely, by the sequence of 
steps in their application. Other tools supporting 
the application of design patterns are described in 
[37, 38, 39, 40, 41, 42, 43, 44], most of which are 
reviewed in [30]. 

Ground Relat ions 

Other works have observed “ elementary”  relations 
between entities. Keller et. al [45] list Call Ac-
tions and Create Actions (corresponding to Invoke 
and Create relations of Table 1, respectively) 
among the information their reverse engineering 
environment maintains for the representation of 
O-O programs, as well as information on the rela-

tions between classes (e.g., Inheritance, Refer-
ence). Chiba [46] describes a metaprogramming 
environment for manipulating C++ programs 
whose features are classified under Function In-
vocation and Object Creation, among other fea-
tures. 

5. Relat ions Among Pat terns 

This section discusses relations among patterns as 
suggested by informal means and offers precise 
definitions for these terms by means of the ontol-
ogy defined so far. 

Refinem ent  

Two articles [47; 48], describe one pattern as a 
“ refinement”  of another, meaning that one is a 
special case of the other. Cargil [49] describes 
“ categories of patterns,”  where one category “ re-
fines”  the other. Kim and Benner [50] describe the 
push and pull models as “ refinements of the 
OBSERVER pattern”  [26]. Similarly, Rohnert [51] 
describes “ specializations of the PROXY pattern,”  
such as CACHE PROXY and PROTECTION PROXY. 
The following definition formalises this intuition: 

Definit ion VI I :  Refinem ent  
7EÅSAYÅTHATÅPATTERNÅSÅREFINESÅPATTERNÅQ�Å

WRITTENÅAS�ÅS�B�Q�ÅIFFÅFORÅEVERYÅASSIGNMENTÅ

�ÅTHATÅSATISFIESÅSÅINÅSOMEÅMODELÅ��Å�ÅALSOÅ

SATISFIESÅQÅINÅ��Å
 

By Definition VII, refinement is equivalent to 
semantic entailment [52]. Thus, we may conclude 
that whenever our specification language allows 
for a proof theory and a complete and sound rela-
tion A	 , then the refinement relation S�B�Q holds if 
and only if S�A	 �Q holds. 

The difficulty in handling refinement in the 
lack of a formal theory is well demonstrated in a 
classic example [48]. The article reports a debate 
between the authors of the OBSERVER pattern [26], 
which could not agree whether it is indeed refined 
by the MULTICAST (a pattern proposed by J. Vlis-
sides). In [53], Eden, Gil, Hirshfeld and Yehudai 
show how the debate can be resolved using 
LePUS (Section �4). 



 

Proj ect ion 

The next relation we discuss extends the notion of 
refinements by means of manipulation of dimen-
sion (Definition IV). In simple terms, projection is 
obtained by replacing a uniform set of participants 
8 with a single participant x of the same type. 
Formally: 

Definit ion VI I I :  Project ion 
!ÅPROJECTIONÅOFÅTHEÅFREEÅVARIABLEÅ8Å�Å0�!	Å

INÅK�8	ÅISÅAÅFORMULAÅK�X	ÅRESULTINGÅINÅTHEÅ

CONSISTENTÅREPLACEMENTÅOFÅ8ÅWITHÅXÅ�Å!ÅINÅ

K�ÅÅ

)FÅTHISÅRELATIONÅHOLDS�ÅWEÅSAYÅTHATÅK�8	Å

ISÅANÅABSTRACTIONÅOFÅXÅINÅK�X	�Å
 

In [21] we illustrate how the FACTORY METHOD 
pattern results from a projection of the &ACTORY

-ETHODSÅ and 0RODUCTS variables in the defini-
tion of the ABSTRACT FACTORY pattern. Example 2 
summarizes this relation. 

Exam ple 2:  Proj ect ion 
%XTRACTÅ�ÅGIVESÅTHEÅDEFINITIONÅOFÅTHEÅ

! 
���
�������
 & ����
������ PATTERNÅINÅ,E053�Å

4HEÅSPECIFICATIONÅOFÅTHEÅ& ����
������ - ��
������ Å
ISÅOBTAINEDÅMERELYÅBYÅMODIFYINGÅTHEÅDI


MENSIONÅOFÅTWOÅVARIABLESÅINÅTHEÅ! 
���
�������

& ����
������ ASÅFOLLOWS�Å

Å
ABSTRACT  
FACTORY 

FACTORY 

METHOD 
descript ion 

0RODUCTS � 0��	Å 0RODUCTS ��Å A hierarchy 
vs. a set  of 
hierarchies 

&-S � 0� 	Å &-S �  Å A signature 
vs. a set  of 
signatures 

Å

6. Comparat ive Criter ia 

Having provided a common framework for archi-
tectural specifications in different languages, we 
now seek to compare the relative merits of each 
formalism that can be mapped to this framework. 
With the increase in the popularity of design pat-
terns, we expect that even more formalisms 
should arise. The purpose of this section is to de-

fine properties that can be used as criteria in com-
paring between such formalisms. 

We maintain that shorter expressions contrib-
ute to a clearer picture, of concision allows us to 
judge the relative “ shortness”  of expressions.  

In the following definition, $, $� and $� des-
ignate specification languages, 1 is a set of pat-
terns, K   is the expression of pattern Q in $, and C 
is a numeric constant. 

Definit ion IX:  Concision  
,ETÅUSÅASSUMEÅAÅMETRICÅFUNCTIONÅTHATÅ

MEASURESÅTHEÅLENGTHÅOFÅEXPRESSIONSÅINÅ$�Å

ANDÅ$��ÅÅ 
Å ,ENÅ�Å$�Å�Å$�ÅoÅ�Å 
,ETÅK ! ÅANDÅK " �BEÅSPECIFICATIONSÅINÅ$��Å$�Å
RESPECTIVELY�Å7EÅSAYÅTHATÅK ! ÅISÅMOREÅCON


CISEÅTHANÅK " ÅIFFÅÅ 
Å ,EN�K ! 	�,EN�K " 	Å 
7EÅSAYÅTHATÅ$ÅISÅC
CONCISEÅWITHÅRESPECTÅTOÅ

1ÅIFFÅFORÅEVERYÅQÅINÅ1�ÅTHEÅFOLLOWINGÅISÅTRUE�Å

Å ,EN�K  	�C� Å
 

Naturally, different formalisms give rise to dif-
ferent subsets of (, and thus may or may not ac-
count for subsets of interest. Yet the question 
whether a certain formula expresses an informal 
description is difficult to answer conclusively ex-
actly because the contemporary means of specifi-
cation are ambiguous. As a step towards measur-
ing their capacity we define expressiveness by 
means of the rudiments made in section �3: 

Definit ion X:  Expressiveness 
7EÅSAYÅTHATÅAÅSPECIFICATIONÅLANGUAGEÅ$ÅISÅ

EXPRESSIVEÅIFÅITÅINCORPORATESÅTHEÅRUDIMENTSÅ

LISTEDÅINÅSECTIONÅ���ÅNAMELY�Å
 

i PARTICIPANTSÅOFÅANYÅDIMENSIONÅ

�$EFINITIONÅ)6	Å

i GROUNDÅANDÅSETÅRELATIONSÅ�2UDIMENTÅ

%ÅANDÅ2UDIMENTÅ&	Å

i CLANSÅ�$EFINITIONÅ6	Å

i HIERARCHIESÅ�$EFINITIONÅ6)	Å
Å

Observe that, while different formalisms may 
interpret ‘class’  and ‘method’  differently, 
Definition X does not depend on these variations. 



 

And justly so, as architectural specifications need 
not be affected by these variations. 

7. Future Direct ions 

We observe several directions of future research: 

Com pactness 

Definition X is satisfied by any language that as-
similates the rudiments of section �3, such as 
higher order logic (i). Observe, however, the risk 
of getting a specification language that is “ too ex-
pressive”  or too large, meaning that it incorpo-
rates many more expressions than necessary (ii). 
For example, an architectural specification lan-
guage is not expected to account for the following 
sets of programs: 
 
i The set of programs that guarantee liveness   
i The set of programs that can be written in the 

Java™ programming language  
i The set of programs that the do not terminate 
 

A “ leaner”  language is better because of the 
following reasons, among others: 
 
1. Clarity. Excessive number of possible ex-

pressions increases the “ complexity”  of the 
specification language and makes it difficult 
for its users to understand it and to use it.  

2. Reasoning. The properties of “ simpler”  and 
smaller languages can be reasoned upon more 
easily.  

3. Discovery. Semi-automation of a “ discovery”  
process, namely, the search for “ new pat-
terns”  in programs, may become more feasi-
ble by reducing the set of candidate patterns. 
In other words, by restricting the specifica-
tion language and constraining its search, a 
tool is more likely to create meaningful re-
sults.  

4. Abstraction. As abstractions, patterns depict 
only essentials and eliminate irrelevant de-
tails. Elimination of details is expected to 
lead to a smaller language. 

 

                                                           
i A construction of these elements in higher order logic ap-

pears in [30]. 
ii  UML is an example that comes to mind. 

To summarize, compactness has the intuitive 
meaning of the property which characterizes lan-
guages with fewer “ unreasonable”  patterns. It 
would be useful to convey the idea of “ unreason-
able”  leitmotifs by providing a measurement for 
compactness at this point. 

Dynamic specifications. Despite the achievement 
in specification through static properties, our 
frame of reference does not allow the expression 
of certain behavioural conditions. Formalisms that 
may apply are Temporal Logic of Actions [54], as 
in [32], and Abstract State Machines [55]. 

Refining and completing the criteria. Additional 
constraints can be suggested to refine and improve 
the criteria we suggested. Compactness, for in-
stance, may be defined as a relation between lan-
guages. 

Applying the criteria. Once complete definitions 
and a sufficient number of examples are provided 
for proposed formalisms, our analysis can be im-
proved in many ways. An interesting result can be 
achieved by comparing the criteria suggested so 
as to compare sample specifications. 

8. Conclusions and Summary 

We present a formal framework for the discussion 
in O-O software architecture by observing ele-
mentary and composite abstractions in its specifi-
cation and by offering a logic model for represent-
ing and deliberating these abstractions. We have 
demonstrated how examples in various pattern 
specification languages map to our framework. 
We have used our framework to define informal 
concepts in formal terms. Finally, we offered 
means for comparing the properties of architec-
tural formalism. 
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